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In this paper, we consider a Cauchy problem for a nonlinear viscoelastic equation with
nonlinear damping and source terms. Under suitable assumptions on the initial data and
the relaxation function, we establish a finite-time blow-up result and a global existence
result.
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1. Introduction
In [1], Messaoudi considered the following initial-boundary value problem
utt −1u+
∫ t
0
g(t − τ)1u(τ )dτ + |ut |m−2ut = |u|p−2u, in (0,∞)×Ω,
u(0, x) = 0, on [0,∞)× ∂Ω,
u(0, x) = u0(x), ut(0, x) = u1(x), inΩ.
(1.1)
Here m ≥ 2, p > 2, andΩ is a bounded domain of Rn(n ≥ 1) with a smooth boundary ∂Ω , and g : R+ → R+ is a positive
nonincreasing function. He showed, under suitable conditions on g , that solutions with negative initial energy blow up in
finite time if p > m and continue to exist ifm ≥ p provided that
max{m, p} ≤ 2n− 1
n− 2 , if n ≥ 3.
In the absence of the viscoelastic term (g = 0), the problem has been extensively studied and results concerning existence
and nonexistence have been established. In bounded domains, for the equation
utt −1u+ a|ut |m−2ut = b|u|p−2u, in (0,∞)×Ω, (1.2)
m ≥ 2, p > 2, a, b > 0, the interaction between the damping and source terms was first considered by Levine [2,3] for
the linear damping case (m = 2). The author showed that solutions with negative initial energy blow up in finite time.
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Georgiev and Todorova [4] extended Levine’s result to the nonlinear damping case (m > 2), and showed that solutions with
any initial data continue to exist globally if m ≥ p and blow up in finite time if p > m and the initial energy is sufficiently
negative. For the same problem, Messaoudi [5] extended the blow-up result to solutions with negative initial energy. In the
presence of the viscoelastic term (g ≠ 0), the blow-up result of [1] was improved by the same author [6] to positive initial
energy. For more related results, we refer the reader to [7–12].
For problem (1.2) in Rn, Todorova [13] obtained results similar to [4] and also studied the following problem
utt −1u+ q2(x)u+ a|ut |m−2ut = b|u|p−2u, in (0,∞)× Rn (1.3)
with initial data u(0, x) = u0(x), ut(0, x) = u1(x). She showed that when q(x) is a decaying function, for p ≤ m, a weak
solution exists globally in time for any compactly supported initial data, while form < p blow-up of solutions occurs in finite
time for negative initial energy. Using a different method, Messaoudi [14] investigated the same problem and obtained a
blow-up result for solutions with sufficiently negative initial energy. Zhou [15] considered the linear damping case (m = 2)
and obtained that the solution blows up in finite time even for vanishing initial energy if the initial datum (u0, u1) satisfies
Rn u0u1dx ≥ 0.
In the presence of the viscoelastic term (g ≠ 0), Kafini and Messaoudi [16] considered problem (1.1) when m = 2 and
Ω = Rn, and obtained results similar to [15].
In this work, we intend to study the following Cauchy problemutt −1u+
∫ t
0
g(t − τ)1u(τ )dτ + u+ |ut |m−2ut = |u|p−2u, in (0,∞)× Rn,
u(0, x) = u0(x), ut(0, x) = u1(x), in Rn,
(1.4)
where g, u0, u1 are functions to be specified later, m ≥ 2, p > 2. Our aim is to extend the results of [13,14,16] to our
problem. To achieve this goal some conditions have to be imposed on the relaxation function g .
2. Blow-up
In this section, we present some materials needed in the proof of our results, state a local existence result, which can be
established, combining the arguments of [3,15], and prove our main result. For this reason, we assume that
(G1) g : R+ → R+ is a C1-function satisfying
1−
∫ ∞
0
g(s)ds = l > 0, g ′(t) ≤ 0, t ≥ 0.
Theorem 2.1. Assume that (G1) holds. Let m ≥ 2 and
2 < p < 2
n− 1
n− 2 , if n ≥ 3, and p > 2, if n = 1, 2. (2.1)
Then for any initial data
u0 ∈ H1(Rn), u1 ∈ L2(Rn),
with compact support, problem (1.4) has a unique solution
u ∈ C([0, T );H1(Rn)), ut ∈ C([0, T ); L2(Rn)) ∩ Lm([0, T )× Rn) (2.2)
for some T > 0.
We introduce the ‘‘modified’’ energy functional
E(t) := 1
2
‖ut(t)‖22 +
1
2

1−
∫ t
0
g(s)ds

‖∇u(t)‖22 +
1
2
‖u(t)‖22 +
1
2
(g ◦ ∇u)(t)− 1
p
‖u(t)‖pp, (2.3)
where
(g ◦ ∇u)(t) =
∫ t
0
g(t − τ)‖∇u(t)−∇u(τ )‖22dτ . (2.4)
As in [6], we see that
E ′(t) = −‖ut‖mm +
1
2
(g ′ ◦ ∇u)(t)− 1
2
g(t)‖∇u(t)‖22 ≤ 0. (2.5)
Next we state our main result.
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Theorem 2.2. Assume that (G1) holds. Let m ≥ 2, p > max{2,m} satisfy (2.1). Assume further that∫ ∞
0
g(s)ds <
(p/2)− 1
(p/2)− 1+ (1/2p) . (2.6)
Then for T > 0, there exists a constant M > 0 such that for initial data satisfying
E(0) = 1
2
‖u1‖22 +
1
2
‖∇u0‖22 +
1
2
‖u0‖22 −
1
p
‖u0‖pp < −M, (2.7)
solution (2.2) blows up in a time t∗ < T .
Remark 2.1. This result improves the earlier results of [14,16].
In order to carry the proof of Theorem 2.2, we need the following
Lemma 2.3. Suppose that (2.1) holds. Then there exists a positive constant C > 1 such that
‖u‖sp ≤ C(‖∇u‖22 + ‖u‖22 + ‖u‖pp) (2.8)
for any u ∈ H1(Rn) and 2 ≤ s ≤ p.
Proof. If ‖u‖p ≤ 1, then ‖u‖sp ≤ ‖u‖2p ≤ C(‖u‖22+‖∇u‖22) by Sobolev embedding theorems. If ‖u‖p > 1, then ‖u‖sp ≤ ‖u‖pp.
Therefore (2.8) follows. 
We set
H(t) := −E(t)
and use, throughout this paper, C to denote a generic positive constant.
As a result of (2.3) and (2.8), we have
Corollary 2.4. Let the assumptions of Lemma 2.3 hold. Then we have
‖u‖sp ≤ C(−H(t)− ‖ut‖22 − (g ◦ ∇u)(t)+ ‖u‖pp), for all t ∈ [0, T ), (2.9)
for any u(t, ·) ∈ H1(Rn) and 2 ≤ s ≤ p.
Proof of Theorem 2.2. From (2.5) we have
H ′(t) = ‖ut‖mm −
1
2
(g ′ ◦ ∇u)(t)+ 1
2
g(t)‖∇u(t)‖22 ≥ 0, (2.10)
consequently we have
0 < H(0) ≤ H(t) ≤ 1
p
‖u‖pp, (2.11)
by virtue of (2.3). We then define the weighed functional
W (t) := (L+ t)AH1−α(t)+ ϵ
∫
uutdx, (2.12)
where the constants A > 0 and ϵ > 0 shall be chosen in what follows. The constant L is such that supp{u0(x), u1(x)} ⊂
{|x| ≤ L}, L > 0 and
0 < α < min

p− 2
2p
,
p−m
p(m− 1)

. (2.13)
Remark 2.2. The weight (L+ t)A is used to compensate for the lack of the injection Lp(Rn) ⊂ Lq(Rn)when 2 ≤ q ≤ p.
By taking a derivative of (2.12) and using Eq. (1.4) we obtain
W ′(t) ≥ (1− α)(L+ t)AH−α(t)‖ut‖mm + ϵ‖ut‖22 − ϵ‖∇u‖22 − ϵ‖u‖22 + ϵ‖u‖pp
+ ϵ
∫ t
0
g(t − τ)
∫
∇u(t) · ∇u(τ )dxdτ − ϵ
∫
uut |ut |m−2dx
= (1− α)(L+ t)AH−α(t)‖ut‖mm + ϵ‖ut‖22 − ϵ

1−
∫ t
0
g(s)ds

‖∇u‖22
+ ϵ
∫ t
0
g(t − τ)
∫
∇u(t) · [∇u(τ )−∇u(t)]dxdτ − ϵ‖u‖22 + ϵ‖u‖pp − ϵ
∫
uut |ut |m−2dx. (2.14)
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By using Schwarz inequality and Young’s inequality to estimate the fourth term on the right-hand side of (2.14) and using
(2.3) to substitute for ‖u‖pp, (2.14) becomes
W ′(t) ≥ (1− α)(L+ t)AH−α(t)‖ut‖mm + ϵ‖ut‖22 − ϵ

1−
∫ t
0
g(s)ds

‖∇u‖22 − ϵ‖u‖22
+ ϵ

pH(t)+ p
2
‖ut‖22 +
p
2

1−
∫ t
0
g(s)ds

‖∇u‖22 +
p
2
‖u‖22 +
p
2
(g ◦ ∇u)(t)

− ϵ
∫
uut |ut |m−2dx− ϵβ(g ◦ ∇u)(t)− ϵ4β
∫ t
0
g(s)ds‖∇u‖22
= (1− α)(L+ t)AH−α(t)‖ut‖mm + ϵ
p
2
+ 1

‖ut‖22 + ϵ
p
2
− 1

‖u‖22
+ ϵpH(t)+ ϵ
[p
2
− 1

−

p
2
− 1+ 1
4β
∫ t
0
g(s)ds
]
‖∇u‖22
+ ϵ
p
2
− β

(g ◦ ∇u)(t)− ϵ
∫
uut |ut |m−2dx, (2.15)
for some number β with 0 < β < p2 . By recalling (2.6), estimate (2.15) reduces to
W ′(t) ≥ (1− α)(L+ t)AH−α(t)‖ut‖mm + ϵ
p
2
+ 1

‖ut‖22 + ϵ
p
2
− 1

‖u‖22 + ϵpH(t)
+ ϵa1(g ◦ ∇u)(t)+ ϵa2‖∇u‖22 − ϵ
∫
uut |ut |m−2dx, (2.16)
where
a1 = p2 − β > 0, a2 =
p
2
− 1

−

p
2
− 1+ 1
4β
∫ t
0
g(s)ds > 0.
To estimate the last term of (2.16), we use again Young’s inequality∫
uut |ut |m−2dx ≤ δ
m
m
‖u‖mm +
m− 1
m
δ−
m
m−1 ‖ut‖mm, for all δ > 0. (2.17)
Now by the finite speed of propagation for Eq. (1.4) and Hölder’s inequality∫
|u|mdx ≤
∫
|u|pdx
m
p
∫
B(L+t)
1dx
1−mp
≤ C(L+ t) n(p−m)p ‖u‖mp , (2.18)
where B(L+ t) denotes the ball with radius L+ t centered at the origin.
Substituting (2.17) and (2.18) to (2.16), we have
W ′(t) ≥
[
(1− α)(L+ t)AH−α(t)− m− 1
m
ϵδ−
m
m−1
]
‖ut‖mm + ϵ
p
2
+ 1

‖ut‖22
+ ϵ
p
2
− 1

‖u‖22 + ϵpH(t)+ ϵa1(g ◦ ∇u)(t)+ ϵa2‖∇u‖22 − ϵC
δm
m
(L+ t) n(p−m)p ‖u‖mp , (2.19)
of course (2.19) remains valid even if δ is time dependent since the integral is taken over the x variable. Therefore by taking
δ so that δ−
m
m−1 = K(L+ t)AH−α(t), for large K to be specified later, and substituting in (2.19) we arrive at
W ′(t) ≥
[
(1− α)− m− 1
m
ϵK
]
(L+ t)AH−α(t)‖ut‖mm + ϵ
p
2
+ 1

‖ut‖22
+ ϵ
p
2
− 1

‖u‖22 + ϵa1(g ◦ ∇u)(t)+ ϵa2‖∇u‖22
+ ϵ
[
pH(t)− CK
1−m
m
(L+ t)A(1−m)+ n(p−m)p Hα(m−1)(t)‖u‖mp
]
. (2.20)
By exploiting (2.11), we obtain
Hα(m−1)(t)‖u‖mp ≤

1
p
α(m−1)
‖u‖m+αp(m−1)p ,
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and set A = n(p−m)
(m−1)p > 0, hence (2.20) yields
W ′(t) ≥
[
(1− α)− m− 1
m
ϵK
]
(L+ t)AH−α(t)‖ut‖mm + ϵ
p
2
+ 1

‖ut‖22 + ϵ
p
2
− 1

‖u‖22
+ ϵa1(g ◦ ∇u)(t)+ ϵa2‖∇u‖22 + ϵ

pH(t)− CK
1−m
m

1
p
α(m−1)
‖u‖m+αp(m−1)p

. (2.21)
We then use Corollary 2.4 and (2.13), for s = m+ αp(m− 1) ≤ p, to deduce from (2.21)
W ′(t) ≥
[
(1− α)− m− 1
m
ϵK
]
(L+ t)AH−α(t)‖ut‖mm + ϵ
p
2
+ 1

‖ut‖22
+ ϵ
p
2
− 1

‖u‖22 + ϵa1(g ◦ ∇u)(t)+ ϵa2‖∇u‖22
+ ϵ[pH(t)− C1K 1−m(−H(t)− ‖ut‖22 − (g ◦ ∇u)(t)+ ‖u‖pp)]
=
[
(1− α)− m− 1
m
ϵK
]
(L+ t)AH−α(t)‖ut‖mm + ϵ
p
2
− 1

‖u‖22
+ ϵ
p
2
+ 1+ C1K 1−m

‖ut‖22 + ϵ(a1 + C1K 1−m)(g ◦ ∇u)(t)
+ ϵa2‖∇u‖22 + ϵ(p+ C1K 1−m)H(t)− ϵC1K 1−m‖u‖pp, (2.22)
where C1 = Cm

1
p
α(m−1)
. By noting that
H(t) ≥ 1
p
‖u‖pp −
1
2
‖ut‖22 −
1
2
‖∇u‖22 −
1
2
‖u‖22 −
1
2
(g ◦ ∇u)(t),
and writing p = 2a3 + (p− 2a3), where a3 = min{a1, a2}, estimate (2.22) yields
W ′(t) ≥
[
(1− α)− m− 1
m
ϵK
]
(L+ t)AH−α(t)‖ut‖mm + ϵ
p
2
+ 1+ C1K 1−m − a3

‖ut‖22
+ ϵ(a1 + C1K 1−m − a3)(g ◦ ∇u)(t)+ ϵ(a2 − a3)‖∇u‖22 + ϵ
p
2
− 1− a3

‖u‖22
+ ϵ(p− 2a3 + C1K 1−m)H(t)+ ϵ

2a3
p
− C1K 1−m

‖u‖pp. (2.23)
At this point, we choose K large enough so that (2.23) becomes
W ′(t) ≥
[
(1− α)− m− 1
m
ϵK
]
(L+ t)AH−α(t)‖ut‖mm + ϵγ [H(t)+ ‖ut‖22 + ‖u‖pp + (g ◦ ∇u)(t)], (2.24)
where γ > 0 is the minimum of the coefficients of H(t), ‖ut‖22, ‖u‖pp, and (g ◦ ∇u)(t) in (2.23). Once K is fixed, we pick ϵ
small enough so that
1− α − m− 1
m
ϵK ≥ 0
and
W (0) = LAH1−α(0)+ ϵ
∫
u0u1dx > 0.
Therefore (2.24) takes the form
W ′(t) ≥ ϵγ [H(t)+ ‖ut‖22 + ‖u‖pp + (g ◦ ∇u)(t)]. (2.25)
Consequently we have
W (t) ≥ W (0) > 0, ∀ t ≥ 0.
Now, we shall diminish α in an appropriate way so that the following strong inequality
W ′(t) ≥ CW (t) 11−α (L+ t)−A11−α (2.26)
1280 L. Lu, S. Li / Applied Mathematics Letters 24 (2011) 1275–1281
is fulfilled for suitably chosen constant A1, A1 ≥ A in what follows. Once estimate (2.26) has been proved, we can easily have
W ′(t) ≥ CW (t) 11−α (L+ T )−A11−α , ∀ t ∈ [0, T ),
and we obtain in a standard way the finite-time blow-up for u.
We next estimate∫ uutdx ≤ ‖u‖2‖ut‖2 ≤ C(L+ t) n(p−2)2p ‖u‖p‖ut‖2,
which implies∫ uutdx 11−α ≤ C(L+ t) n(p−2)2p(1−α) ‖u‖ 11−αp ‖ut‖ 11−α2 .
Again Young’s inequality gives us∫ uutdx 11−α ≤ C(L+ t) n(p−2)2p(1−α) [‖u‖ µ1−αp + ‖ut‖ θ1−α2 ] , (2.27)
for 1
µ
+ 1
θ
= 1. We take θ = 2(1− α), to get µ1−α = 21−2α ≤ p by (2.13). Therefore (2.27) becomes∫ uutdx 11−α ≤ C(L+ t) n(p−2)2p(1−α) [‖u‖sp + ‖ut‖22],
where s = 2/(1− 2α) ≤ p. By using Corollary 2.4 we obtain∫ uutdx 11−α ≤ C(L+ t) n(p−2)2p(1−α) [H(t)+ ‖ut‖22 + ‖u‖pp + (g ◦ ∇u)(t)], (2.28)
for all t ∈ [0, T ).
Therefore we have
W
1
1−α (t) ≤ 2 11−α

(L+ t) A1−α H(t)+
∫ uutdx 11−α

≤ C(L+ t) A11−α [H(t)+ ‖ut‖22 + ‖u‖pp + (g ◦ ∇u)(t)], (2.29)
where A1 = max

A, n(p−2)2p

= max

n(p−m)
(m−1)p ,
n(p−2)
2p

. By combining (2.25) and (2.29) we arrive at (2.26). The proof is
completed. 
3. Global existence
In this section we show that solution of (1.4) is global ifm ≥ p.
Theorem 3.1. Assume that (G1) holds and let p ≤ m satisfy (2.1). Then for any initial data
u0 ∈ H1(Rn), u1 ∈ L2(Rn),
with compact support, problem (1.4) has a unique global solution, such that
u ∈ C([0, T );H1(Rn)), ut ∈ C([0, T ); L2(Rn)) ∩ Lm([0, T )× Rn)
for any T > 0.
Proof. Similar to [4], we set
F(t) = 1
2
‖ut(t)‖22 +
1
2

1−
∫ t
0
g(s)ds

‖∇u(t)‖22 +
1
2
‖u(t)‖22 +
1
2
(g ◦ ∇u)(t)+ 1
p
‖u‖pp. (3.1)
By differentiating F(t) and using (2.5), we get
F ′(t) = −‖ut‖mm +
1
2
(g ′ ◦ ∇u)(t)− 1
2
g(t)‖∇u(t)‖22 + 2
∫
|u|p−2uutdx. (3.2)
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To estimate the integral in (3.2) we use Hölder’s inequality and Young’s inequality and get∫ |u|p−2uutdx ≤ δ‖ut‖pp + Cδ‖u‖pp. (3.3)
Now, from the convexity of the function (uy/y) in y for u ≥ 0 and for y > 0, we obtain
‖ut‖pp
p
≤ C1 ‖ut‖
2
2
2
+ C2 ‖ut‖
m
m
m
,
since 2 < p ≤ m. In the above C1 and C2 are positive constants. Then from (3.2) and (3.3), we have
F ′(t) ≤ −‖ut‖mm + 2C2δ
‖ut‖mm
m
+ 2C1δ ‖ut‖
2
2
2
+ 2Cδ‖u‖pp. (3.4)
Choosing δ small enough in (3.4), we arrive at F ′(t) ≤ CF(t).
Then the Gronwall lemma and the continuation principle complete the proof of the global existence result. 
Remark 3.1. Using the method established in the previous section, we can also obtain blow-up result and global existence
result for the following equation
utt −1u+
∫ t
0
g(t − τ)1u(τ )dτ + q2(x)u+ |ut |m−2ut = |u|p−2u, in (0,∞)× Rn,
where q(x) is a decaying function.
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